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Abstract 

A graph ܩ with order ݌ and size ݍ is called ሺܽ, ݀ሻ-edge antimagic total (ሺܽ, ݀ሻ-EAT) if there 
exist integers ܽ ൏ 0, ݀ ൒ 0 and a bijection  ߙ ∶ 	ܸ ∪ ܧ → ሼ1, 2, 3, . . . , 	݌ ൅ ܹ ሽ such thatݍ	 ൌ
ሼݓሺݒݑሻ, ݒݑ ∈ ሽܧ ൌ ሼܽ, ܽ ൅ ݀, . . . , ܽ	 ൅ ሺݍ െ 1ሻ݀ሽ , where ݓሺݒݑሻ 	ൌ ሻݑሺߙ	 ൅ ሻݒሺߙ	 	൅  .ሻݒݑሺߙ	
An ሺܽ, ݀ሻ-EAT labeling ߙ of graph ܩ is super if ߙሺܸሻ ൌ ሼ1, 2, . . . ,  ሽ . In this paper we describe݌
how to construct a super ሺܽ, ݀ሻ-EAT labeling on some classes of disjoint union from non 
isomorphic graphs, namely disjoint union of cycle with cycle with chord ݉ܥ௡௞ ∪ ሺμ െ 1ሻܥ௡ ∪
μܥ௡ଷ ∪  .௡ܥ݉
 
Keywords : ሺܽ, ݀ሻ-edge-antimagic total labeling, super ሺܽ, ݀ሻ-edge antimagic total la- belling, cycle 
with chord,	݉ܥ௡௞ ∪ ሺμ െ 1ሻܥ௡ ∪ μܥ௡ଷ ∪  .௡ܥ݉
 

1. Introduction 

All graphs in this paper are finite, undirected, and simple. ܸሺܩሻ and ܧሺܩሻ (in short, ܸ  

and ܧ) stand for the vertex-set and edge-set of graph ܩ, respectively. Let ݁ ൌ ሼݑ,  ,ሽ (in shortݒ

݁ ൌ  ܩ ሻ| inܩሺ	Then, let order |ܸ .ܩ in ݒ and ݑ denote an edge connecting vertices (ݒݑ

denoted by ݌ and size |ܧሺܩሻ| in ܩ denoted by ݍ. 

A labeling of a graph is any mapping that sends some set of graph elements to a set of 

numbers (usually to the positive integers). If the domain is  the  vertex-set  or  the edge-set, the 

labelings are called respectively vertex-labelings or edge-labelings. In this paper we deal with 

the case where the domain is ܸ ∪ -and these  are  called  total labeling. We define the edge ,ܧ

weight of an edge ݒݑ ∈   under a total labeling to be the sum of the vertex  labels  corresponding ܧ

to  vertices  ݒ  ,ݑ  and  edge  label  corresponding to edge ݒݑ. General references for graph-

theoretic notions is [12]. A general survey of  graph labelings is [6]. 

A graph ܩ is called ሺܽ, ݀ሻ-edge antimagic total ሺሺܽ, ݀ሻ−EAT ) if there exist integers   ܽ ൐ 0, 

݀ ൒ 0 and a bijection function ݂ ∶ ܸ ∪ ܧ → ሼ1, 2, . . . , ݌ ൅  ሽ such that the set of edge-weights isݍ

ሻݒݑሺݓ ൌ ݂ሺݑሻ ൅ ݂ሺݒݑሻ ൅ ݂ሺݒሻ, ݒݑ ∈ ,form an arithmetic progression ሼܽ ,ܧ ܽ ൅ ݀, ܽ ൅

2݀, . . . , ܽ ൅ ሺݍ െ 1ሻ݀ሽ.  In particular, an ሺܽ, ݀ሻ − EAT  labeling of graph ܩ  is super if ݂: ܸ →

ሼ1, 2, . . . , ,ሽ. Thus, a super (a, d)-edge-antimagic total graph is a graph that admits a ሺܽ݌ ݀ሻ-edge-

antimagic total labeling. 

The concept of ሺܽ, ݀ሻ-edge  antimagic  total  labeling,  introduced  by  Simanjuntak  et al. 

in [14], is natural extension of the notion of edge-magic labeling defined by Kotzig and Rosa 
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[1] (see also [9], [13], [3] and [15]). The super ሺܽ, ݀ሻ-edge-antimagic total labeling is  natural 

extension of the notion of super edge-magic labeling  which  was  defined  by Enomoto et al. in [4]. 

In this paper we investigate the  existence  of super  ሺܽ, ݀ሻ-edge-antimagic total  labelings for 

disjoint union of  non  isomorphic  graphs.  A  number  of  classification  studies  on super 

ሺܽ, ݀ሻ−EAT  (resp.  ሺܽ, ݀ሻ−EAT ) for disjoint union of non isomorphic graphs has been 

extensively investigated. For instances, some constructions of super ሺܽ, 0ሻ-edge-antimagic total 

labelings for ݊ܥ௞ ∪ ݉ ௞ܲ and ܭଵ,௠ ∪   .ଵ,௡ have been shown by Ivančo  and  Lučkaničová  in  [7]ܭ

In  [5]  Sudarsana,  Ismaimuza,  Baskoro,  and  Assiyatun show that ௡ܲ ∪ ௡ܲାଵ, ݊ ଶܲ ∪ ௡ܲ, ሺ݊	 ൒

	2ሻ, and ݊ ଶܲ ∪ ௡ܲାଶ are super edge antimagic total labeling. Dafik et al also found disjoint union 

of non isomorphic  graph  which  admits super ሺܽ, ݀ሻ-edge-antimagic total labelings, namely 

ଵ,௠ܭ݉ ∪ ܵ௞,ଵ in [2]. 

More results concerning on super edge antimagic total  labeling,  see  for  instances  in  a 

nice survey paper by Gallian [6]. 

Now, we will concentrate on the disjoint union of cycle with cycle with chord, denoted by 

௡௞ܥ݉ ∪ ሺμ െ 1ሻܥ௡ ∪ μܥ௡ଷ  .௡ܥ݉∪

 

2. Some Useful Lemmas 

We start this section by a necessary condition for a graph to be  super  (a, d)-edge- antimagic 

total, providing a least upper bound for feasible values of d. 

 

Lemma 1 If a  ሺ݌, ,ሻ-graph is super  ሺܽݍ ݀ሻ-edge-antimagic total then  ݀ ൑
ଶ௣ା௤ିହ

௤ିଵ
.	

Proof.    Assume  that  a  ሺ݌, ,ሻ-graph  has  a  super  ሺܽݍ ݀ሻ-edge-antimagic  total  labeling ݂ ∶

ܸሺܩሻ ∪ ሻܩሺܧ → ሼ1, 2, . . . , ݌ ൅ ݂ ሽ.  The minimum possible edge-weight in the labelingݍ  is at least 

1 ൅ 2൅ ݌ ൅ 1 ൌ ݌ ൅ 4. Thus, ܽ ൒ ݌ ൅ 4. On the other hand, the maximum possible  edge-

weight  is  at  most  ሺ݌ െ 1ሻ	൅ ݌ ൅ ሺ݌ ൅ ሻݍ ൌ ݌3 ൅ ݍ െ 1.    So  we  obtain ܽ ൅ ሺݍ	 െ 1ሻ݀ ൑

݌3 ൅ ݍ െ 1 which gives the desired upper bound for the difference ݀. � 

The following lemma, proved by Figueroa-Centeno et al. in [13], gives a necessary and 

sufficient condition for a graph to be super  edge  magic  (super  ሺܽ, 0ሻ-edge  antimagic total). 

 

Lemma 2 A	ሺ݌,  is super edge-magic if and only if there exists a bijective function ܩ ሻ-graphݍ

݂:	ܸሺܩሻ → ሼ1, 2, . . . , ܵ ሽ such that the set݌ ൌ ሼ݂ሺݑሻ ൅ ݂ሺݒሻ:	ݒݑ ∈  consecutive ݍ ሻሽ consists ofܩሺܧ

integers. In such a case, ݂  extends to a super edge-magic labeling of ܩ with magic constant ܽ ൌ ݌ ൅

ݍ ൅ ݏ where ,ݏ ൌ ݉݅݊ሺܵሻ and ܵ ൌ ሼܽ െ ሺ݌ ൅ 1ሻ, ܽ െ ሺ݌ ൅ 2ሻ, . . . , ܽ െ ሺ݌ ൅  .ሻሽݍ
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In our terminology, the previous lemma states that a ሺ݌, ,is super ሺܽ ܩ ሻ-graphݍ 0ሻ-edge 

antimagic total if and only if there exists an ሺܽ െ ݌ െ ,ݍ 1ሻ-edge antimagic vertex labeling. 

Next, we restate the following lemma that appeared in [8]. 

 

Lemma 3 [8] Let Յ be a sequence Յ ൌ ሼܿ, ܿ ൅ 1, ܿ ൅ 2, . . . , ܿ ൅ ݇ሽ, ݇ even. Then there exists a 

permutation ߎሺՅሻ of the elements of Յ such that Յ	 ൅ ሺՅሻߎ	 	ൌ ቄ2ܿ	 ൅
	௞

ଶ
	 , 2ܿ	 ൅	

	௞

ଶ
	൅ 1, 2ܿ	 ൅ 	

	௞

ଶ
	൅

2,… , 2ܿ	 ൅	
	ଷ௞

ଶ
െ 1, 2ܿ	 ൅	

	ଷ௞

ଶ
ቅ	

 

3. Disjoint Union of Cycle with Cycle With Chord 

We shall write ܥ௞ to mean the graph constructed from a cycle ܥ௡ by joining two vertices 

whose distance in the cycle is ݇ [10]. Now, we will study super edge-antimagic of a disjoint 

union of cycle graph with cycle with chord, denoted by ݉ܥ௡௞ ∪ ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ ∪  ௡, forܥ݉

ߤ ൒ 1, ሺߤ െ 1ሻ ൑ ݉ ൑ ,ߤ ݊ ൒ 7 and ݊ odd.  It is a disconnected graph with vertex set ܸ ൌ

൛ݔ௜
௝ห1 ൑ ݅ ൑ ݊,1 ൑ ݆ ൑ 2݉൅ 2μെ 1ሽ and edge set: 

ܧ ൌ	ሼݔ௜
௝ݔ௜ାଵ

௝ ∪ ௡ݔ
௝ݔଵ

௝|1 ൑ ݅ ൑ ݊, 1 ൑ ݆ ൑ 2݉൅ ߤ2 െ 1ሽ ∪ ሼݔଷ
௝ݔ௡ିଶ

௝ |1 ൑ ݆ ൑ ݉ሽ ∪

ሼݔଵ
௝ݔ௡ିଶ

௝ |ሺ݉ ൅ μሻ ൑ ݆ ൑ ݉൅ ߤ2 െ 1ሽ. 

Thus : ݌ ൌ ݉ሺ݊ሻ ൅ ሺߤ െ 1ሻሺ݊ሻ ൅ ሺ݊ሻߤ ൅݉ሺ݊ሻ ൌ ݊ሺ2݉൅2ߤെ 1ሻ 

and ݍ ൌ ݉ሺ݊ ൅ 1ሻ ൅ ሺμ െ 1ሻሺ݊ሻ	൅ ሺ݊ߤ ൅ 1ሻ ൅݉ሺ݊ሻ ൌ ݊ሺ2݉൅ ߤ2 െ 1ሻ൅݉൅  .ߤ

If the disjoint union of ݉ ௡௞ܥ ∪ ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ ∪ ,௡, has a super ሺܽܥ݉ ݀ሻ-edge antimagic total 

labeling then, for ݌ ൌ ݊ሺ2݉ ൅ ߤ2 െ 1ሻ and ݍ ൌ ݊ሺ2݉ ൅ ߤ2 െ 1ሻ ൅݉൅  it follows from ,ߤ

from Lemma 1 that the upper bound of ݀  is ݀ ൑ 3െ ቀ 2݉൅2ߤ൅2

2݉݊൅2݊ߤെ݊൅݉൅ߤെ1
ቁ, ݀ ൒ 0, ݀  is integer, 

so ݀ ∈ ሼ0, 1, 2ሽ. 

The following theorem describes an ሺܽ, 1ሻ-edge antimagic vertex labeling for disjoint 

union of ݉ܥ௡௞ ∪ ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ ߤ ௡, forܥ݉∪ ൒ 1, ሺߤ െ 1ሻ ൑ ݉ ൑ ݊ ,ߤ ൒ 7 and ݊ odd. 

Lemma 4 The disjoint union of ݉ܥ௡௞ ∪ ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ ∪ ,௡ has an ሺܽܥ݉ 1ሻ-edge antimagic vertex 

labeling for ߤ ൒ 1, ሺߤ െ 1ሻ ൑ ݉ ൑ ݊ ,ߤ ൒ 7 and ݊ odd. 

Proof. Define the vertex labeling ߙଵ: ܸሺ݉ܥ௡௞ ∪ ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ ∪ ௡ሻܥ݉ → ሼ1, 2, . . . , ݊ሺ2݉ ൅

ߤ2 െ 1ሻሽ in the following way: 

For ݔ௜
௝; 1 ൑ ݅ ൑ ݊െ1, 1 ൑ ݆ ൑ ݉൅  ߤ



 
Tersedia online di http://ejournal.unitomo.ac.id/index.php/mipa 

ISSN 2337-9421 (cetak) / ISSN 2581-1290 (online) 
 

------------------------Jurnal Ilmiah : SOULMATH, Vol 5. No. 2, Desember 2017-------------------- 
 

66 
 

௜ݔଵ൫ߙ
௝൯ ൌ

௜ሺଶ௠ାଶఓିଵሻାଶ௝ାଵ

ଶ
൅ ቀ

ሺିଵሻ೔ାଵ

ସ
ቁ ݊ሺ2݉ ൅ ߤ2 െ 1ሻ ൅ ሺെ1ሻ௜ሺ݉ ൅ ሻߤ െ

ቀ
ሺିଵሻ೔ାଵ

ଶ
ቁ 3݆ ൅ ቀ

ሺିଵሻ೔ାଵ

ଶ
ቁ  

For ݔ௜
௝; 1 ൑ ݅ ൑ ݊െ 1, ݉൅ߤ൅1 ൑ ݆ ൑ 2݉൅2ߤ െ 1 

௜ݔଵ൫ߙ
௝൯ ൌ

ሺଶ௠ାଶఓିଵሻିଶሺ௠ାఓሻାଶ௝ାଵ

ଶ
൅ ቀ

ሺିଵሻ೔ାଵ

ସ
ቁ݊ሺ2݉ ൅ ߤ2 െ 1ሻ ൅ ൫ሺെ1ሻ௜ ൅

1൯2ሺ݉ ൅ ሻߤ െ ቀ
ሺିଵሻ೔ାଵ

ଶ
ቁ 3݆  

For ݔ௡
௝ ; 1 ൑ ݆ ൑ ݉൅μ 

௡ݔଵ൫ߙ
௝൯ ൌ

௜ሺଶ௠ାଶఓିଵሻାଶ௝ାଵ

ଶ
  

For ݔ௡
௝ ; ݉൅ߤ൅1 ൑ ݆ ൑ 2݉൅2ߤ െ1 

௡ݔଵ൫ߙ
௝൯ ൌ

ሺଶ௠ାଶఓିଵሻିସሺ௠ାఓሻାଶ௝ାଵ

ଶ
  

The vertex labeling ߙଵ is a bijective function. The edge weights of ݉ܥ௡௞ ∪ ሺߤ െ 1ሻܥ௡ ∪

௡ଷܥߤ ∪  :ଵ, constitute the following setsߙ ௡, under the labelingܥ݉

For ݔ௜
௝ݔ௜ାଵ

௝ ; 1 ൑ ݅ ൑ ݊െ 1, 1 ൑ ݆ ൑ 2݉൅2ߤ െ 1 

ఈభݓ
ଵ ൫ݔ௜

௝ݔ௜ାଵ
௝ ൯ ൌ

ሺ௡ାଶ௜ሻሺଶ௠ାଶఓିଵሻାଶሺ௠ାఓሻିଶ௝ାଷ

ଶ
,			1 ൑ ݅ ൑ ݊ െ 2	; 		1 ൑ ݆ ൑ ݉ ൅   ߤ

ఈభݓ
ଶ ൫ݔ௜

௝ݔ௜ାଵ
௝ ൯ ൌ

ሺ௡ାଶ௜ሻሺଶ௠ାଶఓିଵሻା଺ሺ௠ାఓሻିଶ௝ାଵ

ଶ
,			1 ൑ ݅ ൑ ݊ െ 2	; 		݉ ൅ ߤ ൅ 1 ൑ ݆ ൑ 2݉ ൅

ߤ2 െ 1  

ఈభݓ
ଷ ൫ݔ௜

௝ݔ௜ାଵ
௝ ൯ ൌ

ଷ௡ሺଶ௠ାଶஜିଵሻିଶ௝ାଷ

ଶ
,			݅ ൌ ݊ െ 1	; 		1 ൑ ݆ ൑ 2݉ ൅ ߤ2 െ 1  

For ݔ௡
௝ݔଵ

௝; 1 ൑ ݆ ൑ 2݉൅2ߤ െ 	1 

ఈభݓ
ସ ൫ݔ௡

௝ݔଵ
௝൯ ൌ

௡ሺଶ௠ାଶఓିଵሻାସ௝ିଵ

ଶ
,			1 ൑ ݆ ൑ ݉ ൅   ߤ

ఈభݓ
ହ ൫ݔ௡

௝ݔଵ
௝൯ ൌ

௡ሺଶ௠ାଶఓିଵሻିସሺ௠ାఓሻାସ௝ାଵ

ଶ
,			݉ ൅ ߤ ൅ 1 ൑ ݆ ൑ 2݉ ൅ ߤ2 െ 1  

For ݔଷ
௝ݔ௡ିଶ

௝ ; 1 ൑ ݆ ൑ ݉൅ߤ 

ఈభݓ
଺ ൫ݔଷ

௝ݔ௡ିଶ
௝ ൯ ൌ

௡ሺଶ௠ାଶఓିଵሻିଶሺ௠ାఓሻାସ௝ାଵ

ଶ
  

For ݔଵ
௝ݔ௡ିଶ

௝ ; ݉൅ߤ ൑ ݆ ൑ ݉൅2ߤ െ1 

ఈభݓ
଻ ൫ݔଵ

௝ݔ௡ିଶ
௝ ൯ ൌ

௡ሺଶ௠ାଶఓିଵሻି଺ሺ௠ାఓሻାସ௝ାଷ

ଶ
  

It is not difficult to see that the set: 

⋃ ఈభݓ
௧଻

௧ୀଵ ൌ ቄ௡ሺଶ௠ାଶஜିଵሻିଶሺ௠ାஜሻାଷ

ଶ
,
௡ሺଶ௠ାଶஜିଵሻିଶሺ௠ାஜሻାହ

ଶ
, … ,

ଷ௡ሺଶ௠ାଶஜିଵሻାଵ

ଶ
ቅ  
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consists of consecutive integers.  Thus ߙଵ is a ቀ
௡ሺଶ௠ାଶஜିଵሻିଶሺ௠ାஜሻାଷ

ଶ
, 1ቁ-edge antimagic 

vertex labeling. � 

Theorem 1 The disjoint union of ݉ܥ௡௞ ∪ ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ ∪  ௡ has a superܥ݉

ቀ
ହ௡ሺଶ௠ାଶఓିଵሻାଷ

ଶ
, 0ቁ-edge antimagic total labeling and a super ቀ

ଷ௡ሺଶ௠ାଶఓିଵሻିଶሺ௠ାఓሻାହ

ଶ
, 2ቁ-edge 

antimagic total labeling, for µ ≥ 1,(µ − 1) ≤ m ≤ µ, n ≥ 7 and n odd. 

Proof. Case 1. for d = 0 

We  have  proved  that  the  vertex  labeling  ߙଵ is a ቀ
௡ሺଶ௠ାଶஜିଵሻିଶሺ௠ାஜሻାଷ

ଶ
, 1ቁ-edge 

antimagic vertex labeling. With respect to Lemma 2, by completing the edge labels p + 1, p + 

2, . . . , p + q, we are able to extend labeling α1 to a super (a, 0)-edge antimagic total labeling, 

where, for p = n(2m + 2µ − 1) and q = n(2m + 2µ − 1) + m + µ, the value ܽ ൌ

ହ௡ሺଶ௠ାଶఓିଵሻାଷ

ଶ
. � 

Proof. Case 2. for d = 2 

Label the vertices of ݉ܥ௡௞ ∪ ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ ∪ ௜ݔଶሺߙ ௡ withܥ݉
௝ሻ ൌ ௜ݔଵሺߙ

௝ሻ and ߙଶሺݔ௡
௝ሻ ൌ

௡ݔଵሺߙ
௝ሻ, for i = 1, 2, ..., n and j = 1, 2, ..., 2m + 2µ − 1; and label the edges with the following 

way : 

For ݔ௜
௝ݔ௜ାଵ

௝ ; 1 ൑ ݅ ൑ ݊െ 1, 1 ൑ ݆ ൑ 2݉൅2ߤ െ 1 

ଶߙ ൌ ሺ݊ ൅ ݅ሻሺ2݉ ൅ ߤ2 െ 1ሻ ൅ 2ሺ݉ ൅ ሻߤ െ ݆ ൅ 1,				1 ൑ ݅ ൑ ݊ െ 2	; 		1 ൑ ݆ ൑ ݉ ൅   ߤ

ଶߙ ൌ ሺ݊ ൅ ݅ሻሺ2݉ ൅ ߤ2 െ 1ሻ ൅ 4ሺ݉ ൅ ሻߤ െ ݆, 1 ൑ ݅ ൑ ݊ െ 2	; 		݉ ൅ ߤ ൅ 1 ൑ ݆ ൑ 2݉ ൅ ߤ2 െ 1  

ଶߙ ൌ 2݊ሺ2݉ ൅ ߤ2 െ 1ሻ ൅ ሺ݉ ൅ ሻߤ െ ݆ ൅ 1, ݅ ൌ ݊ െ 1	; 	1 ൑ ݆ ൑ 2݉ ൅ ߤ2 െ 1  

For ݔ௡
௝ݔଵ

௝, 1 ൑ ݆ ൑ 2݉൅2ߤെ 1 

ଶߙ ൌ ݊ሺ2݉ ൅ ߤ2 െ 1ሻ ൅ ሺ݉ ൅ ሻߤ ൅ 2݆ െ 1,						1 ൑ ݆ ൑ ݉ ൅   ߤ

ଶߙ ൌ ݊ሺ2݉ ൅ ߤ2 െ 1ሻ െ ሺ݉ ൅ ሻߤ ൅ 2݆,						݉ ൅ ߤ ൅ 1 ൑ ݆ ൑ 2݉ ൅ ߤ2 െ 1  

For ݔଷ
௝ݔ௡ିଶ

௝  , 1 ൑ ݆ ൑ ݉ 

2ߙ ൌ ݊ሺ2݉ ൅ ߤ2 െ 1ሻ ൅ 2݆  

For ݔଵ
௝ݔ௡ିଶ

௝  , ݉ ൅ ߤ ൑ ݆ ൑ ݉ ൅ ߤ2 െ 1  

ଶߙ ൌ ݊ሺ2݉ ൅ ߤ2 െ 1ሻ െ 2ሺ݉ ൅ ሻߤ ൅ 2݆ ൅ 1 

The total labeling α2 is a bijective function from ܸሺ݉ܥ௡௞ ∪ ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ ௡ሻܥ݉∪ ∪ ௡௞ܥሺ݉ܧ ∪

ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ ∪ ,௡ሻ onto the set ሼ1ܥ݉ 2, 3, . . . , 2݊ሺ2݉ ൅ ߤ2 െ 1ሻ ൅݉൅ -ሽ. The edgeߤ

weights of ݉ܥ௡௞ ∪ ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ  :௡, under the labeling α2, constitute the setsܥ݉∪

For ݔ௜
௝ݔ௜ାଵ

௝ ; 1 ൑ ݅ ൑ ݊െ 1, 1 ൑ ݆ ൑ 2݉൅2ߤ െ 1 
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ఈܹమ
ଵ ൌ ൛ݓఈభ

ଵ ൅ ௜ݔଶ൫ߙ
௝ݔ௜ାଵ

௝ ൯,			݆݅݇ܽ	1 ൑ ݅ ൑ ݊ െ 2	; 		1 ൑ ݆ ൑ ݉ ൅   ൟߤ

= ቀ
௡ାଶ௜ሻሺଶ௠ାଶஜିଵሻାଶሺ௠ାஜሻିଶ௝ାଷ

ଶ
ቁ ൅ ሺ݊ ൅ ݅ሻሺ2݉ ൅ ߤ2 െ 1ሻ ൅ 2ሺ݉ ൅ ሻߤ െ ݆ ൅ 1 

= 
ሺଷ௡ାସ௜ሻሺଶ௠ାଶఓିଵሻା଺ሺ௠ାఓሻିସ௝ାହ

ଶ
 

ఈܹమ
ଶ ൌ ൛ݓఈభ

ଶ ൅ ௜ݔଶ൫ߙ
௝ݔ௜ାଵ

௝ ൯,			݆݅݇ܽ	1 ൑ ݅ ൑ ݊ െ 2	; 		݉ ൅ ߤ ൅ 1 ൑ ݆ ൑ 2݉ ൅ ߤ2 െ 1ൟ  

= ቀ
ሺ௡ାଶ௜ሻሺଶ௠ାଶఓିଵሻା଺ሺ௠ାఓሻିଶ௝ାଵ

ଶ
ቁ ൅ ሺ݊ ൅ ݅ሻሺ2݉ ൅ ߤ2 െ 1ሻ ൅ 4ሺ݉ ൅ ሻߤ െ ݆ 

= 
ሺଷ௡ାସ௜ሻሺଶ௠ାଶఓିଵሻାଵସሺ௠ାఓሻିସ௝ାଵ

ଶ
 

ఈܹమ
ଷ ൌ ൛ݓఈభ

ଷ ൅ ௜ݔଶ൫ߙ
௝ݔ௜ାଵ

௝ ൯,			݆݅݇ܽ	݅ ൌ ݊ െ 2	; 		1 ൑ ݆ ൑ 2݉ ൅ ߤ2 െ 1ൟ  

= ቀ
ଷ௡ሺଶ௠ାଶஜିଵሻିଶ௝ାଷ

ଶ
ቁ ൅ 2݊ሺ2݉ ൅ ߤ2 െ 1ሻ ൅ ሺ݉ ൅ ሻߤ െ ݆ ൅ 1 

= 
଻௡ሺଶ௠ାଶఓିଵሻାଶሺ௠ାఓሻିସ௝ାହ

ଶ
 

For ݔ௡
௝ݔଵ

௝, 1 ൑ ݆ ൑ 2݉൅2ߤെ 1 

2ߙܹ
4 ൌ ൛1ߙݓ

4 ൅ ݊ݔ2൫ߙ
݆ 1ݔ

݆ ൯,			݆݅݇ܽ		1 ൑ ݆ ൑ ݉ ൅   ൟߤ

= ቀ
݊ሺ2݉൅2ߤെ1ሻ൅4݆െ1

2
ቁ ൅ ݊ሺ2݉ ൅ ߤ2 െ 1ሻ ൅ ሺ݉ ൅ ሻߤ ൅ 2݆ െ 1 

= 
ଷ௡ሺଶ௠ାଶఓିଵሻାଶሺ௠ାఓሻା଼௝ିଷ

ଶ
 

2ߙܹ
5 ൌ ൛1ߙݓ

5 ൅ ݊ݔ2൫ߙ
݆ 1ݔ

݆ ൯,			݆݅݇ܽ		݉ ൅ ߤ ൅ 1 ൑ ݆ ൑ 2݉ ൅ ߤ2 െ 1ൟ  

= ቀ
݊ሺ2݉൅2ߤെ1ሻെ4ሺ݉൅ߤሻ൅4݆൅1

2
ቁ ൅ ݊ሺ2݉ ൅ ߤ2 െ 1ሻ െ ሺ݉ ൅ ሻߤ ൅ 2݆ 

= 
ଷ௡ሺଶ௠ାଶఓିଵሻି଺ሺ௠ାఓሻା଼௝ାଵ

ଶ
 

For ݔଷ
௝ݔ௡ିଶ

௝  , 1 ൑ ݆ ൑ ݉ 

ఈܹమ
଺ ൌ ൛ݓఈభ

଺ ൅ ଷݔଶ൫ߙ
௝ݔ௡ିଶ

௝ ൯ൟ 

= ቀ
௡ሺଶ௠ାଶఓିଵሻିଶሺ௠ାఓሻାସ௝ାଵ

ଶ
ቁ ൅ ݊ሺ2݉ ൅ ߤ2 െ 1ሻ ൅ 2݆  

= 
ଷ௡ሺଶ௠ାଶఓିଵሻିଶሺ௠ାఓሻା଼௝ାଵ

ଶ
 

For ݔଵ
௝ݔ௡ିଶ

௝  , ݉ ൅ ߤ ൑ ݆ ൑ ݉ ൅ ߤ2 െ 1  

ఈܹమ
଻ ൌ ൛ݓఈభ

଻ ൅ ଵݔଶ൫ߙ
௝ݔ௡ିଶ

௝ ൯ൟ 

= ቀ
௡ሺଶ௠ାଶఓିଵሻି଺ሺ௠ାఓሻାସ௝ାଷ

ଶ
ቁ ൅ ݊ሺ2݉ ൅ ߤ2 െ 1ሻ െ 2ሺ݉ ൅ ሻߤ ൅ 2݆ ൅ 1 

= 
ଷ௡ሺଶ௠ାଶఓିଵሻିଵ଴ሺ௠ାఓሻା଼௝ାହ

ଶ
 

It is not difficult to see that the set of : 

⋃ ఈܹభ
௧଻

௧ୀଵ ൌ ቄ
ଷ௡ሺଶ௠ାଶஜିଵሻିଶሺ௠ାஜሻାହ

ଶ
,
௡ሺଶ௠ାଶஜିଵሻିଶሺ௠ାஜሻାଽ

ଶ
, … ,

଻௡ሺଶ௠ାଶஜିଵାଶሺ௠ାஜሻାଵ

ଶ
ቅ, 
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n

contains an arithmetic sequence with the first term ቀ
ଷ௡ሺଶ௠ାଶஜିଵሻିଶሺ௠ାஜሻାହ

ଶ
ቁ and common  

difference  2.  Thus  2ߙ  is a super ቀ
ଷ௡ሺଶ௠ାଶஜିଵሻିଶሺ௠ାஜሻାହ

ଶ
, 2ቁ-edge antimagic total labeling. 

This concludes the proof. � 

Theorem 2 The disjoint union of ݉ܥ௡௞ ∪ ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ ∪  ௡ has a superܥ݉

ቀ
4݊ሺ2݉൅2μെ1ሻെሺ݉൅μሻ൅4

2
, 1ቁ-edge antimagic total labeling for µ ≥ 1,(µ − 1) ≤ m ≤ µ, n ≥ 7 and n 

odd. 

Proof. We will prove using Lemma 3. For µ ≥ 1,(µ − 1) ≤ m ≤ µ, n ≥ 7 and n odd, consider the 

vertex labeling α1 of the graph ݉ܥ௡௞ ∪ ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ ∪  ௡ from lemma 4 which is aܥ݉

ቀ
௡ሺଶ௠ାଶஜିଵሻିଶሺ௠ାஜሻାଷ

ଶ
, 1ቁ-EAV labeling. Let sequence Յ ൌ ሼܿ, ܿ ൅ 1, ܿ ൅ 2, . . . , ܿ ൅ ݇ሽ be the 

set of edge-weights of the vertex labeling α1 for ܿ ൌ
௡ሺଶ௠ାଶஜିଵሻିଶሺ௠ାஜሻାଷ

ଶ
 and ݇ ൌ

݊ሺ2݉ ൅ 2μ െ 1ሻ െ ሺ݉ ൅ μሻ െ 1. In light of Lemma 3, there exists a permutation ∏ሺՅሻ of 

the elements of Յ such that Յ ൅ ቂ∏ሺՅሻ ൅
௞

ଶ
൅

௠ାఓ

ଶ
ቃ ൌ ቄ2ܿ ൅ ݇ ൅

௠ାఓ

ଶ
, 2ܿ ൅ ݇ ൅ ൅

௠ାఓ

ଶ
൅ 1,… ,

2ܿ ൅ 2݇ ൅
௠ାఓ

ଶ
ቅ. If ቂ∏ሺՅሻ ൅

௞

ଶ
൅

௠ାఓ

ଶ
ቃ is an edge labeling of ݉ܥ௡௞ ∪ ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ ∪  ௡ܥ݉

then Յ ൅ ቂ∏ሺՅሻ ൅
௞

ଶ
൅

௠ାఓ

ଶ
ቃ gives the set of the edge-weights of ݉ܥ௡௞ ∪ ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ ∪

௡, which implies that the resulting total labeling is super ቀ4݊ሺ2݉൅2μെ1ሻെሺ݉൅μሻ൅4ܥ݉
2

, 1ቁ-

EAT. This concludes the proof. � 

 

4. Conclusion 

We have lemma and theorem  from  bijective  function  of  super  (a, d)-edge  antimagic total 

labeling on disjoint union of cycle with chord: 

 Lemma 4 The disjoint union of  ݉ ௡௞ܥ ∪ ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ ∪ ,௡ has an ሺܽܥ݉ 1ሻ-edge antimagic 

vertex labeling for µ ≥ 1,(µ − 1) ≤ m ≤ µ, n ≥ 7 and n odd. 

 Theorem 1 The disjoint union of ݉ܥ௡௞ ∪ ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ ∪  ௡ has a superܥ݉

ቀ
ହ௡ሺଶ௠ାଶఓିଵሻାଷ

ଶ
, 0ቁ-edge antimagic total labeling and a super ቀ

ଷ௡ሺଶ௠ାଶఓିଵሻିଶሺ௠ାఓሻାହ

ଶ
, 2ቁ-

edge antimagic total labeling, for µ ≥ 1,(µ − 1) ≤ m ≤ µ, n ≥ 7 and n odd. 

 Theorem 4 The disjoint union of ݉ܥ௡௞ ∪ ሺߤ െ 1ሻܥ௡ ∪ ௡ଷܥߤ ∪  ௡ has a superܥ݉

ቀ4݊ሺ2݉൅2μെ1ሻെሺ݉൅μሻ൅4
2

, 1ቁ-edge antimagic total labeling for µ ≥ 1,(µ − 1) ≤ m ≤ µ, n ≥ 7 

and n odd 
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